Mass-dependencies of a number of bound state properties are investigated in some light twoelectron exitonic complexes (or clusters) Z + e − e − , where m e ≤ m Z ≤ 2m e . This exitonic complexes (or model ions) play a great role in modern solid state physics, since such complexes describe optical absorption in a number of semiconductors. We also derived and tested a number of accurate massinterpolation formulas for these properties. In general, our mass-interpolation formulas allow one to predict (fast and accurately) numerical values of these bound state properties in the 'new' exitonic complexes, i.e., in three-body exitonic complexes with new mass ratios. PACS number(s): 71.35.-y and 36
I. INTRODUCTION
In this communication we investigate the bound state properties of some two-electron clusters (or exitons) Z + e − e − with unit electrical charges. The notation Z + e − e − is used everywhere below in this study and designates the three-body ion with the unit electric charges, where the mass of this 'heavy' (or central) particle Z + is slightly larger than unity. In fact, below we shall assume that the mass of the positively charged particle m Z (= M), which is often called the central particle, is bounded between m e and 2m e , i.e., m e ≤ m Z ≤ 2m e , or 1 ≤ m Z ≤ 2 in atomic units, whereh = 1, | e |= 1 and m e = 1. In this study such three-body Z + e − e − systems (or ions) are called the positronium-like three-body exitonic complexes, or exitonic complexes, for short. These three-body complexes (Z + e − e − ) are of great interest in modern solid state physics (see, e.g., [1] - [9] ), since they substantially determine the actual optical absorption (or light absorption) in a number of important semiconductors. Stability of the two-body Coulomb exitons, such as e + e − and A + e − , in real solids was predicted by Wannier [10] and Mott [11] in the end of 1930's. Originally, these two-body clusters, e.g.,
A + e − and e + e − , were used to explain optical spectra and a number of properties of many semiconductors, including CdS, Cu 2 O, PbI 2 , etc.
Later, Lampert [12] suggested that some three-, four-and similar few-body exitons (or exitonic complexes) can also be stable and, therefore, useful in applications to actual problems known in physics of semiconductors. He also introduced the system of convenient notations for such few-body exitons. For instance, the positively charged hole (with the unit electric charge) was designated as h (or, h + ), while the negatively charged 'effective' electron (or quasi-electron) was denoted by the letter e (or e − ). In general, the effective masses of holes and electrons can differ significantly from their usual values. In earlier studies [1] - [9] the effective electron masses for light exitons were varied between ≈ 0.068 m e and ≈ 1.25 m e , while analogous masses for the positively charged holes were varied between ≈ 0.250 m e and ≈ 3.275 m e . It is clear that all essential properties of any Coulomb three-body system with unit electrical charges crucially depend upon the ratio of particle masses, i.e., upon the dimensionless mass ratio m h me . At the same time, the absolute values of these masses play a relatively minor role for prediction of such properties. Note that Lampert [12] defined and considered two different classes of few-body exitonic complexes: (a) light exitonic comlexes, where the mass of the positively charged hole is comparable with the mass of electron, and (b) heavy exitonic complexes, where the mass of the central hole substantially exceeds the electron mass, e.g., m h ≥ 1500 m e . Below, we restrict ourselves to the consideration of the light (or mobile) exitonic complexes only. Each of these three-body systems consists of two electrons and one positively charged hole which has the mass comparable with unity (in a.u.). These light two-electron exitonic complexes (or light exitonic clusters) are of interest for future development of physics of semiconductors and, in particular, for optical and infrared spectroscopy of semiconductors. Indeed, the infrared and optical spectra of many semicondutors can now be measured accurately and with a large number of tiny details. Theoretical studies of various three-and few-body exitonic complexes are needed to explain all these details. As mentioned above, in this study we discuss the class of light (or mobile) exitonic complexes, where the mass of positively charged 'hole' m h (= m Z ) is comparable with the electron mass m e . This can be written in the form m Z = λm e , where the numerical parameter λ is bounded between 1 and 2. It is clear that such three-body ions are similar, e.g., by their structure and bound state properties to the negatively charged positronium ion Ps − (or e − e + e − ). Briefly, this means that in this study we consider some positronium-like excitonic complexes, or ions, for short. As follows from the basic principles of Quantum Mechanics and famous Poincare theorem (see below) all bound state properties of such systems must be 'smooth' functions of the same parameter λ which is the dimensionless mass ratio of the heavy and light particles. Further investigations of this problem lead us to unambiguous conclusion that all regular bound state properties of the Z + e − e − ions must be analytical functions of the same dimensionless parameter λ [13] .
Investigation of these functions and their approximation by smooth interpolation formulas is the main goal of this study.
II. HAMILTONIAN OF THE THREE-BODY EXITONIC COMPLEXES
In the lowest-order relativistic (or non-relativistic) approximation the Hamiltonian of an arbitrary three-body exitonic Z + e − e − complex (or ion) is written in the form
whereh = h 2π is the reduced Planck constant (or Dirac constant), m e is the electron mass, m 1 = m e , m 2 = m e and m 3 = m Z are the masses of three point particles and e is the electric charge of electron. Here and everywhere below in this study the notation e − stands for the electron, while Z + (or h) means the positively charged hole. In atomic units (or a.u., for short) the Hamiltonian H, Eq.(1), takes the form
where the mass m Z (= m h ) must be expressed in terms of the electron mass m e , i.e., m Z = λm e = λ. 
where λ is a parameter, while r 1 , r 2 , r 3 and s 1 , s 2 , s 3 are the Cartesian and spin coordinates, respectively, of the three point particles in the Coulomb three-body system Z + e − e − with unit electrical charges. Since all coefficients in the Hamiltonian, Eq.
(2), are the smooth (or analytical) functions of the dimensionless parameter λ, or its inverse parameter µ, where µ = 1 λ = me m Z = 1 m Z , then the actual wave function Ψ(r 1 , r 2 , r 3 , s 1 , s 2 , s 3 ; λ), Eq.(3), is also a smooth function of the same parameter λ (or µ = 1 λ ). This fact follows from the well-known Poincare theorem (see, e.g., [15] ) which states that there is a very close and uniform relation between singularities of the solution(s) of an arbitrary differential equation (e.g., the original Schrödinger equation, Eq.(3)) and singularities of the coefficients in this equation (see, e.g., [15] ). In other words, if there is no singularities (upon some parameters) in the coefficients of the Schrödinger equation, then the corresponding wave functions are regular functions of the same parameters. From here one finds that the expectation values Ψ | A | Ψ , where A is some non-singular operator, computed in atomic units with the wave functions Ψ(r 1 , r 2 , r 3 , s 1 , s 2 , s 3 ; λ), Eq.(3), are also smooth (or analytical) functions of the parameter λ = m Z , or µ = 1 λ (in atomic units).
III. MASS-INTERPOLATION FORMULA
In this study we want to investigate analytical dependencies of the different bound state properties upon the inverse mass parameter µ, where µ = 1 m Z . Below, we consider the whole family of light exitonic complexes Z + e − e − , where the two following conditions are obeyed for the inverse mass µ = 1 m Z of the positively charged hole h(= Z + ): 1 2 ≤ µ ≤ 1 (in atomic units). As follows from the general theory of bound states in the Coulomb three-body ions with unit charges [16] for these masses m Z (= 1 µ ) the bound state spectrum of each of the Z + e − e − ions contains only one bound (ground) 1 1 S(L = 0)−state. All other states, including triplet states, in these two-electron ions are not bound [16] .
Let us consider the expectation value of some non-singular, spin-independent operator B computed with the Ψ(r 1 , r 2 , r 3 , s 1 , s 2 , s 3 ; λ) wave function, i.e.,
Here and everywhere below we shall assume that the bound state wave function Ψ has unit norm. As mentioned above for any non-singular operator B its expectation value B is an analytical function of the parameter µ, which is inverse of λ, i.e., µ = 1 λ . By using this notation and applying results from our earlier analysis of similar problem [17] we can write the following mass-interpolation formula for the expectation value B :
where µ = 1 m Z and B k (k = 1, 2, 3, . . .) are the real coefficients in this mass-interpolation series. For the total energies E this formula was derived and tested (for similar systems) in [17] . However, it is clear that the same formula, Eq.(5), can also be used to evaluate other bound state properties in the Z + e − e − exitonic complexes, where 1 2 ≤ µ ≤ 1. As was found in actual computations the interpolation formula, Eq.(5), is correct and accurate for any finite range of µ variation. However, the formula, Eq.(5), is 'non-physical', and, in general, all coefficients in Eq.(5) are comparable to each other. The reason is clear, since in the formula, Eq.(5), we do not have any effective small parameter. In reality, our physical intuition requires a different interpolation formula which contains an 'obvious' small parameter(s), and such a formula should converge to the expectation value(s) known for some real system when this small parameter approaches to zero. In other words, the 'new' mass-interpolation formula must produce results which can always be compared with the 'exact' properties of some standard (or ethalon) system. Such 'advanced' formulas do exist, and they can also be constructed in a variety of different ways. For instance, the following mass-interpolation formula includes one 'small' parameter 1 − µ = λ−1 λ , where λ = m Z and 0 ≤ 1 − µ ≤ 1 2 :
where C 0 = B(Ps − ) , i.e., if 1 − µ = 0, then the expectation value B coincides with the numerical value, which was determined in the direct numerical computations of the ground 1 1 S(L = 0)−state of the Ps − ion. This interpolation formula is applied below to represent our results obtained for three-body exitonic complexes Z + e − e − . Note that this formula, Eq. (6), is a power expansion upon the positive powers of the small parameter 1 − µ = λ−1 λ , where λ = m Z for three-body clusters (or exitons) Z + e − e − . The derived mass-interpolation formula, Eq.(6), is accurate and numerically stable, if the dimensionless parameter λ varies between 1 and 2.
IV. EXPONENTIAL VARIATIONAL EXPANSION
To perform highly-accurate computations of the bound 1 1 S(L = 0)−states in the Z + e − e − ions we apply our exponential variational expansion Fro2015 in the relative coordinates r 32 , r 31 and r 21 , where r ij =| r i − r j |= r ji and (i, j, k) = (1,2,3). In fact, for these threebody systems we also used the exponential variational expansion written in the perimetric three-body coordinates u 1 , u 2 and u 3 Fro2015, which provide much better overall accuracy for the bound state computations (see below). First, let us consider the three-body exponential variational expansion in the relative coordinates r 32 , r 31 and r 21 , where r ij =| r i − r j |= r ji are the three scalar interparticle distances. For the bound 1 S(L = 0)−states in the Z + e − e − ions this expansion takes the form (see, e.g., [18] )
where α i , β i , γ i (i = 1, . . . , N) are the 3N non-linear parameters and N is the total number of basis functions, i.e., the total number of exponents. The notationP 21 Fortunately, for three-body systems there is another (or alternative) set of the three perimetric coordinates u 1 , u 2 , u 3 which are truly independent of each other and each of them varies between 0 and +∞. These perimetric coordinates have been introduced in physics of three-body systems by C.L. Pekeris in [19] . The three perimetric coordinates are simply (even linearly) related to the relative coordinates and vice versa
where r ij = r ji . For the bound 1 S(L = 0)−states our exponential variational expansion in these three-body perimetric coordinates takes the form (more details are discussed, e.g., in [18] ):
where u 1 , u 2 , u 3 are the three perimetric coordinates and all 3N−non-linear parameters (10) are real, independent of each other and always positive.
During optimization of these parameters we do not need to check any additional condition for these parameters (compare with Eq. (8)). In other words, the true independence of the perimetric coordinates u 1 , u 2 , u 3 allows one to simplify drastically the whole process of optimization of the non-linear parameters in Eq. (10) .
Note that there are three additional conditions for the non-linear parameters which follow from the completness of the radial set [20] of exponential basis functions, Eq. (10), [20] , but these conditions have nothing to do with the optimization of the non-linear parameters.
Indeed, one can show that the set of exponential 'radial' functions is complete, if (and only if) the three following series of inverse powers of the non-linear parameters in Eq. (10) are divergent, i.e., the three following sums (or series):
1 γ i are divergent (or become infinite) when i → ∞. As follows from here, these three conditions do not complicate optimization of the non-linear parameters in Eq.(10).
To increase the overall efficiency of our exponential variational expansion, Eq.(10), even further, in actual numerical calculations we applied the two-stage optimization procedure of the non-linear parameters [21] . At the first stage of this procedure one needs to construct the first-stage short-term wave function which is very accurate and usually contains N ≈ 400 -800 of basis functions, or exponents, in Eq.(10). All non-linear parameters in this shortterm wave function (or first-stage cluster) are carefully optimized to provide a very high accuracy. At the second stage we construct the optimal tail (or 'orthogonal complement') of the short-term wave function constructed at the first stage. In calculations performed for this study the 'optimized' tail of our variational wave function contained somewhere between 3500 and 4500 basis functions (i.e., exponents in perimetric coordinates). Optimization of the non-linear parameters in the short-term cluster and in the tail of such a complete (trial) wave function is described in detail in our papers [22] .
V. RESULTS AND DISCUSSIONS
Results of our numerical computations of the ground (bound) 1 1 S(L = 0)−states in the three-body exitonic Z + e − e − complexes with unit charges can be found in Tables I -VII which contain our results for twenty two different (light) exitonic complexes Z + e − e − , where m e ≤ m Z ≤ 2m e . All bound state properties presented in these Tables are expressed in atomic units (a.u.). Table I includes the total energies of these light exitonic complexes Tables II -V contain a number of bound state properties determined for each ion considered in this study. Table VI represents Table VI is explained in detail in [18] . Each of these bound state properties shown in Table VI can also be determined for other exitonic complexes Z + e − e − mentioned in this study. Then we can construct analogous mass-interpolation formulas for these 'additional' bound state properties. Table VII contains For three-body exitonic complexes with unit charges this problem is easily reversed: we can predict the mass ratios in these systems which provide a priory given numerical values for some bound state properties. Note that the actual convergence rates are usually high (even very high) for many bound state properties of the three-body Z + e − e − ions, where the mass of Z + -particle, i.e., m Z , is close to unity. The overall accuracy of our mass-interpolation formula, Eq.(6), is also very high for all such properties. In particular, this is true for the r k ij expectation values, where k = −1, 1, 2, for all expectation values of the interparticle cosine−functions, for single particle momenta 1 2 p 2 i and some other expectation values, the observed accuracy of our interpolation formula, Eq.(6), is very high. Furthermore, for these properties such an accuracy increases when the total accuracy of the wave function also increases.
However, there are some bound state properties in such three-body ions for which the last statement is not always true. For instance, one finds some problems with the expectation values of all delta-functions in three-body systems, i.e., for the δ(r +− ) , δ(r −− ) and δ(r +−− ) delta-functions. Accurate numerical computations of the triple delta-function δ(r +−− ) is very difficult, since the formulas for matrix elements of the δ(r +−− ) operator do not contain any of the non-linear parameter from our exponential expansion, Eq.(10).
In other words, our variational expansion, Eq.(10), is not flexible enough to determine the δ(r +−− ) expectation value to high accuracy. Similar problems arise for the so-called singular expectation values which are needed to determine some important properties in many actual three-body ions and atoms. For instance, these expectation values are used to determine the lower-order relativistic and QED-corrections in three-body systems. The general theory of singular expectation values for three-body systems is very complex and even classification of all possible singular integrals is not completed even for three-body systems.
However, the technique of analytical and numerical computations of some special singular expectation values, e.g., the power-type expectation values, are well developed (see, e.g., [23] , [24] and references therein). It can be shown that such singular, power-type expectation values always include either delta-functions, or products of these delta-functions with the partial derivatives of different orders in respect to the relative coordinates r ij (see, e.g., formulas (28), (43) and (54) in [24] ). A different group of problems canbe found so-called slow convergent bound state properties, e.g., for the r k ij expectation values, where k ≥ 6. For these properties our mass-interpolation formula, Eq.(6), does not provide very high numerical accuracy. The problems related to accurate computations of similar (i.e. singular and slow convergent) expectation values will be considered elsewhere.
VI. CONCLUSION
We have studied a number of bound state properties of the ground 1 1 S(L = 0)−states in some light three-body (or two-electron) exitonic complexes Z + e − e − (or Z + e − 2 ) with the unit electric charges. For these properties we have considered their mass-dependencies, i.e., dependencies of the corresponding expectation values upon the mass ratio of light (e − ) and heavy (Z + ) particles. The bound state properties discussed in this study are analytical (or smooth) functions upon particle masses, or upon their mass ratio(s), e.g., λ = m Z me , or µ = me m Z . Finally, we derived and tested a number of accurate mass-interpolation formulas which describe (to very high accuracy) the actual mass-dependenciesof these properties. It was also found in real application that our mass-interpolation formulas allow one to predict (fast and accurately) numerical values of these bound state properties for the 'new' exitonic complexes, i.e., in three-body exitonic complexes with new mass ratios. By using this approach one can create some new three-, four-and few-body exitonic complexes with the a priory known bound state properties. This means that by varying particle masses in similar exitonic complexes we can change optical absorption in a number of semiconductors. In this form such a problem was not considered in earlier studies.
Note that a number of mass-asymptotic and mass-interpolation formulas were used to approximate the total energies of the ground (bound) states in differentthree-, four and few-body systems. In very few cases analogous formulas were used for the total energies of ions and neutral atoms with the same number of bound electrons (see, e.g., [25] , [26] and references therein). General theory of these Q −1 −expansions is well developed [27] - [32] .
In particular, currently we know analytical expressions for all coefficients in these formulas (see, e.g., [32] ) for an arbitrary N e −electron ion/atom with a given nuclear charge Q, where Q ≥ N e (the case of negatively charged atomic ions is fundamentally different). For the mass-interpolation formulas we still do not have analogous transparent and logically closed theory. Therefore, to determine numerical coefficients in actual mass-interpolation formulas one needs to apply data from highly accurate computations.
[1] A.S. Davydov, Theory of Solids, (Nauka, Moscow (1980)) (in Russian).
[2] A. Ore, Phys. Rev. 73, 1313 (1948).
[3] R.R. Sharma and S. Rofrigues, Phys. Rev. 153, 823 (1967).
[4] V.A. Andreev and V.I. Sugakov, Solid State Phys. 14, 1553 (1972) . 
